We study some properties of generalized Einstein manifolds. In particular, we prove the non-negativity of the Euler-Poincaré characterestic for (4k)-dimensional compact hyper (2k)-Einstein manifolds generalizing a well known result of Berger about four dimensional usual Einstein manifolds.
Introduction
Let (M, g) be a Riemannian manifold of dimension n and R be its covariant curvature tensor. For each even 2p > 0, J. A. Thorpe [6] Where S 2p denotes the group of permutations of {1, ..., 2p} and, for α ∈ S 2p , ǫ(α) is the signature of α. In particular, R 2 is the curvature tensor R and, in case the dimension n is even, R n (e 1 , ..., e n , e 1 , ..., e n ) is the Gauss-Bonnet integrand of (M, g), {e 1 , ..., e n } being an orthonormal basis of T m M . It is evident that the tensor R 2p is alternating in the first (2p)-variables, alternating in the last (2p) variables, and is invariant under the operation of interchanging the first 2p variables with the last 2p. Hence it is a symmetric (2p, 2p) double form. Using the exterior product of double forms, the tensors R 2p can be written in the following compact form [5, 3] ,
Where R p denotes the exterior product of R with itself p times. The full Ricci contraction of R 2p is the Gauss-Bonnet curvature [4, 3] . We shall say that a metric is hyper (2p)-Einstein if the first Ricci contraction of its generalized Gauss-Kronecker tensor R p is proportional to the corresponding metric. This condition generalizes the usual Einstein condition obtained for p = 1, and it implies evidently that the metric is (2p)-Einstein in the sens of [4] . In particular, In the compact case, hyper (2p)-Einstein metrics are (special) critical metrics of the total Gauss-Bonnet curvature functional once restricted to metrics of unit volume [4] . We prove here that compact Riemannian hyper (2p)-Einstein manifolds of dimension n = 4p have their Euler-Poincaré characterestic non-negative. This generalizes a well known result of Berger about four dimensional Einstein manifolds. The paper is divided into two parts. In the first one, we recall some useful facts about double forms and by the way we complete and improve two results of [3] . In the second part, we use the results of the first part to study some properties of the generalized Einstein manifolds.
Preliminaries
Let (M, g) be a smooth Riemannian manifold of dimension n. A double form of degree p is a section of the bundle D p,p = Λ * p M ⊗ Λ * p M where Λ * p M denotes the bundle of differential forms of degree p on M . Double forms are abundant in Riemannian geometry: the metric, Ricci and Einstein tensors are symmetric double forms of degree 1, The Riemann curvature tensor, Weyl curvature tensor are symmetric double forms of order two, Gauss-Kronecker and Weitzenöck curvature tensors are examples of symmetric double forms of higher order... The usual exterior product of differential forms extends in a natural way way to double forms. The resulting product is some times called KulkarniNomizu product of double forms. In particular, the exterior product of the metric with itself k 2 g 2 is the curvature tensor of a Riemannian manifold of constant curvature k, the repeated products of the Riemann curvature tensor RR...R = R q determine the generalized Gauss-Kronecker tensors defined above.
If we denote by E (r,r) the trace free double forms of order r, then we have the following orthogonal decomposition of the bundle D (p,p) for 1 ≤ p ≤ n:
The following proposition is a direct consequence of corollary 2.4 in [3] .
is the decomposition of a double form ω following the orthogonal splitting (1) , then
Proof. Straightforward. Just set j = 2p − n and discuss following the cases where j is even or odd using corollary 2.4 of [3] .
Remark. For a given double form ω of order p, we evaluated in theorem 3.7 of [3] , the compenents ω k with respect to the orthogonal splitting (1). The author forgot to include in the assumptions of that formula the condition n ≥ 2p. This condition is necessary as if not some coefficients will vanish in the the proof. Also, it is clear that the coefficients (n − 2k)! and (n − p − k)! in the final formula are undefined if we do not assume n ≥ 2p. However, if n < 2p, the previous proposition asserts that ω is divisible by some power of the metric g and hence some compements vanish as above, the other compenents can be determined by applying theorem 3.7 to the quotient double form.
The following proposition improves lemma 5.7 of [3] and its proof below completes a missing part in the proof of the same lemma. 
Proof. Formula (12) in [3] shows that
Remark
Generalized Einstein Manifolds
Recall that a Riemannian manifold is said to be Einstein if the first contraction of its Riemann curvature tensor R is proportional to the metric, that is cR = λg. Einstein metrics are also known to be the critical metrics of the total scalar curvature functional once restricted to metrics of unit volume. The gradient of the above functional is the Einstein tensor.
In [4] , we considered the critical metrics of the total Gauss-Bonnet curvature functionals once restricted to metrics with unit volume. The resulting metrics are called (2k)-Einstein manifolds and are characterized by the condition that the contraction of order (2k − 1) of the Gauss-Kronecker tensor R k is proportional to the metric, that is
A special class of the previous metrics is defined by: 
We recover the usual Einstein manifolds for k = 1. If the dimension n of the manifold satisfies n = 2k, then the hyper (2k)-Einstein condition is empty.
Applying (2k − 2) contractions to the previous equation we get
that is the (2k)-Einstein condition above. Therefore we have:
In particular, the hyper (2k)-Einstein metrics are critical metrics for the total Gauss-Bonnet curvature functional of order 2k once restricted to metrics with unit volume. Also, Schur's theorem in [4] implies that the function λ in (5) is a constant. It is evident that metrics with constant sectional curvature and the ones with constant k-sectional curvature (that is R k proportional to g 2k ) are hyper (2k)-Einstein metrics. It results directly, from theorem 5.6 of [3] and the previous proposition the following:
Proposition 3.1 For k ≥ 1, the following statements are equivalent for a Riemannian manifold (M, g) of dimension n ≥ 4k − 1:
The divergence free tensor
(n−4k+1)! R k is proportional to the metric.
3. The components ω r of R k (with repect to the orthogonal splitting (1) for the Gauss-Kronecker tensor R q ) vanish for 1 ≤ r ≤ 2k − 1.
The divergence free tensor given in the second part of the previous proposition (which is nothing but the (2k − 1, k)-curvature tensor [4] ) generalizes the Einstein tensor obtained for k = 1. It results from the second part of the above proposition that for a (4k − 1)-dimensional manifold, being hyper (2k)-Einstein is equivalent to constant k-sectional curvature. This is the analogous of the fact that in dimension 3, Einstein manifolds are those with constant sectional curvature. The last part of the previous proposition generalizes a well known characterization of Einstein manifolds by the vanishing of the compenent ω 1 in the orthogonal decomposition for the Riemann curvature tensor R.
The next theorem provides a topological obstruction to the existence of a hyper (2k)-Einstein metric: Recall that k-flat means that the sectional curvature of R k is identically zero. The previous theorem generalizes a well known obstruction to the existence of Einstein metrics in dimension four due to Berger.
Proof. For a hyper (2k)-Einstein metric, the compenents R q r vanish for 1 ≤ r ≤ 2k−1 by the previous proposition. Next, for n ≥ 4k, the generalized Avez formula, see corollary 6.5 in [3] , shows that
Where R k i denotes the compenent of R k with repect to the orthogonal decomposition (1). In particular, h 4k ≥ 0 and it vanishes if and only if R k i = 0 for all 0 ≤ i ≤ 2k, that is R k ≡ 0. If n = 4k, then h n is up to a positive constant the Gauss-Bonnet integrand. This completes the proof.
A double form ω is said to be harmonic if it is closed and co-closed that is Dω = δω = 0. Where D is the second Bianchi map (or equivalently, the vector valued exterior derivative) and δ = cD +Dc its "formal adjoint",D being the adjoint second Bianchi map, see [2, 4] . Proof. Since R satisfies the second Bianchi identity then DR k = 0. On the other hand,
The converse in the previous proposition is not generally true. One needs to impose extra conditions on the manifold, similar to the ones in [1] , in order to ensure the generalized Einstein condition.
For n ≥ 4k, following [2, 5] , an n-dimensional Riemannian manifold is said to be k-conformally flat if the generalized Gauss-Kronecker curvature tensor R k is divisible by the metric g. Equivalently, the compenent (R k ) 2k of R k with repect to the orthogonal splitting (1) vanishes. The proof of the following proposition is straightforward if one uses proposition 3.1 Proposition 3.4 A hyper (2k)-Einstein manifold which is k-conformally flat is with constant k-sectional curvature.
The previous proposition generalizes a similar result about usual Einstein conformally flat manifolds obtained for k = 1.
